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Abstract
A scheme is proposed for protecting quantum states from both inde-
pendent decoherence and cooperative decoherence. The scheme operates
by pairing each qubit (two-state quantum system) with an ancilla qubit
and by encoding the states of the qubits into the corresponding coherence-
preserving states of the qubit-pairs. In this scheme, the amplitude damping
( loss of energy) is prevented as well as the phase damping (dephasing) by
a strategy called the free-Hamiltonian-elimination We further extend the
scheme to include quantum gate operations and show that loss and deco-
herence during the gate operations can also be prevented.
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Soon after the idea of quantum computation became an active part of current
research through the innovative work of Shor on factorization [1,2], decoherence
was realized as a major problem that can not be ignored [3], especially when
one is interested in practical applications. Quantum computers act as sophisti-
cated nonlinear interferometers. The coherent interference pattern between the
multitude of superpositions is essential for taking advantage of quantum paral-
lelism. However, decoherence of the qubits caused by the interaction with the
environment will collapse the state of the quantum computer and make the in-
formation no longer correct. To overcome this fragility of quantum information,
Shor, inspired by the theory of classical error correction, proposed the rst quan-
tum error-correcting code able to correct errors that occur during the storage of
qubits [4]. Many kinds of error-correcting codes have since been discovered [5-20].
The discovery of quantum error-correcting codes has revolutionized the eld of
quantum information.
The existing quantum error-correcting codes are directed to the random error
caused by independent decoherence. So in these schemes it is implicitly assumed
that the qubits couple with separate environments. In practice, however, coop-
erative eects may take place between the qubits. For example, the qubits in
the ion-trapped computers are believed to be decohered cooperatively [21,22].
Refs. [23] and [24] considered another extreme case, i.e., all the qubits inter-
act with the same environment. If only the phase damping is considered, as
the result, the qubits are found to be decohered collectively. A code has been
suggested for reducing this kind of decoherence [23]. With these two extreme
cases ( independent decoherence and cooperative decoherence ), we ask , what
about the real situation? It seems a combination of these two cases may be more
practical. If the qubits are close, they tend to be decohered cooperatively; and
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if they are departed, the assumption of independent decoherence may be more
reasonable. In this paper, we propose a scheme for reducing decoherence in gen-
eral cases. The scheme operates by pairing each qubit with an ancilla. The two
qubits in each pair are set close so that they interact with the same modes of
the environment. But the qubits in dierent pairs are allowed to be decohered
cooperatively, or independently. Due to the collective dissipation in each pair,
the coherence-preserving states of the qubit-pairs are found to exist. The stored
information is protected from decoherence by encoding the states of the qubits
into the corresponding coherence-preserving states of the qubit-pairs. This idea
is somewhat similar to the code suggested in [23] for reducing the phase damp-
ing. Here we use a strategy called the free-Hamiltonian-elimination to prevent
the amplitude damping as well as the phase damping. The amplitude damping
(such as the spontaneous emission ) sometimes is a main source of decoherence
[22,25,26]. Furthermore, we show in this paper that the scheme can be extended
to deal with decoherence in quantum gate operations. Coherence is preserved in
the gate operations by substituting the logic gates for the qubits with those for
the qubit-pairs. Preserving coherence during the gate operations is a signicant
step towards realizing the fault-tolerant quantum computation [14].
First, we consider the stored information, i.e., the qubits in quantum memory,
which can be described by Pauli’s operators −! l ( l marks dierent qubits). The
environment is modelled by a bath of oscillators with innite degrees of freedom.
Each qubit interacts with some ( usually innite) modes of the environment. The
bath modes coupling with the l qubit are indicated by a!l ( ! varies from 0 to1
). To dierent l1 and l2, some of the modes a!l1 and a!l2 are possibly same and
some of them are dierent. We use the notation
LS
l=1
Al to indicate the joint sum
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of Al, where all Al are bath operators. For example,
2S
l=1
Al = A1 + A2 if A1 and
A2 belong to dierent modes; and
2S
l=1
Al = A1 if A1 and A2 are same. With this
notation, the whole Hamiltonian describing the general dissipation of the qubits,
including the phase damping and the amplitude damping, has the following form




























where L is the number of qubits and the coupling constants g!l may be dependent
of ! and l. The ratio (1) : (2) : (3) is determined by the type of the dissipation.
For example, if (1) = (2) = 0, it describes the phase damping; and if (3) = 0,
it is the amplitude damping.
Now we pair each qubit with an ancilla. The ancilla of the l qubit is indicated
by l
0
. The two qubits l and l
0
in the pair are set close so that they interact with
the same modes of the environment. With this condition, the dissipation of the



















































The following step of our strategy is to eliminate the influence of the free









of the qubits. To attain this goal, we intro-
duce a homogeneous classical driving electromagnetic eld which acts on all the








































By adjusting the intensity and the phase of the driving eld, we can choose the
driving constants g1 and g2 to satisfy g1 : g2 : !0 = 
(1) : (2) : (3). Then the
whole Hamiltonian is simplied to






























Suppose the initial state of the qubit-pairs is a co-eigenstate of all the oper-
ators Sl + Sl0 , with the eigenvalues ml, respectively. The environment state is
indicated by jΨenv (0)i. Under the Hamiltonian (4), at time t the state of the
whole system evolves into
jΨ (t)i = e−iHt (jΨ (0)i ⊗ jΨenv (0)i)























So in this case all the qubit-pairs undergo no decoherence, though they are in-
teracting with the environment. Because of this property, we call the eigenstates
of all the operators Sl + Sl0 the coherence-preserving states.
We briefly discuss the coherence-preserving states. The Hermitian operator
Sl satises tr (Sl) = 0, so its two eigenstates, without loss of generality, can
be indicated by j1il, with the eigenvalues a, respectively. The computation
basis states jil are eigenstates of the operator 
z
l . The states j1il may dier
with jil by a single-qubit rotation operation Rl (), i.e., j1il = Rl () jil,
where  depends on the type of the dissipation. The coherence-preserving states
can be easily constructed from the states j1il. The largest eigen-space of the
operator Sl + Sl0 is a 2-dimensional space spanned by the eigenstates j+1;−1il
and j−1;+1il, with the eigenvalue ml = 0. So there exists a one-to-one map form
the 2-dimensional space of a qubit onto the 2-dimensional coherence-preserving
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cfilg jfilgi ; (6)
where filg is the abbreviation of the notation i1; i2;    ; iL and il = 1; l =





cfilg jfil;−ilgi ; (7)
where fil;−ilg indicates i1;−i1; i2;−i2    ; iL;−iL. The encoding can be fullled
by the quantum CNOT (Controlled-NOT) operations Cij, where the rst sub-
script of Cij refers to the control bit and the second to the target. The ancillas are
prearranged in the state jΨ1020 L0 i = j+1i10 ⊗ j+1i20 ⊗   ⊗ j+1iL0 . Let the joint
operation C
0
ij () = Ri ()Rj ()CijRi (−)Rj (−), where Ri () is the rotation
operation acting on the i qubit, we thus have











−!−! jΨ2Licoh : (8)










The encoded states jΨ2Licoh undergo no decoherence in the memory.
By pairing the qubits, the number of qubits is expanded from L to 2L. So
the eciency  of this scheme is 1
2
. There is a possible way to raise the eciency.
If 2m qubits are set close so that they all interact with the same modes of the






-dimensional state space, with the eigenvalue ml = 0. By encoding
the input states of 2mL qubits into the coherence-preserving states of the qubit-












log2 (m) ; (9)
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where the approximation is taken under the condition m >> 1. So the eciency
m is near to 1 if m is large. Of course, with m increasing, it becomes harder and
harder to set all the m qubits close so that they are decohered collectively.
In the above, we have dealt with the information in storage. Now we extend
the scheme to include quantum gate operations. In the error-correction schemes,
a signicant step forward in this direction has recently been made by the idea of
fault-tolerant implementation of quantum logic gates [14-17]. Here we show our
coherence-preserving scheme can, at least in principle, prevent decoherence during
the gate operations as well as during the storing process. The Hamiltonian for the
gate operation is indicated by Hg. The initial state jΨ (0)ifmlg of the qubit-pairs
is a co-eigenstate of all the operators Sl+Sl0 , with the eigenvalue ml, respectively.
If the gate Hamiltonian Hg satises the following condition
[Hg; Sl + Sl0 ] = nl; l = 1; 2;    ; L ; (10)
where all nl are numbers, at time t the whole system, including the environment,
will evolve into
























Therefore, in this case no decoherence occurs during the gate operation. Eq.(10)
is also a necessary condition for preserving coherence during the gate operation.
Now we show, with the constraint (10), any unitary transformations can still
be constructed. To demonstrate this, we only need to give a universal gate
operation satisfying Eq.(10). It has been proven that almost any 2-bit gates are
universal [27,28]. In particular, the following is a universal gate operation [29]
Ul1l2 = j−1il1 l1 h−1j Il2 + j+1il1 l1 h+1jVl2 ; (12)
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where Il2 is a 2 2 unit matrix and the unitary matrix Vl2 is given by
Vl2 (; ; ) =
 
ei cos () −iei(−) sin ()
−iei(+) sin () ei cos ()
!
: (13)
The parameters ; ;  are irrational multiples of  and of each other. Now we


















is a 4 4 unit matrix and Vl2l02
becomes ( in the basis
fj−1;−1i ; j−1;+1i ; j+1;−1i ; j+1;+1ig )
Vl2l02
(; ; ) =
0BBB@
1
ei cos () −iei(−) sin ()
−iei(+) sin () ei cos ()
1
1CCCA : (15)
After decoding the coherence-preserving states of the qubit-pairs into the original
states of the qubits, the operation (14) for the qubit-pairs just corresponds to the
operation (12) for the qubits. So Eq.(14) gives a universal gate operation for the















; Sl2 + Sl02
i
= 0; (16)
so the generators of Ul1l01l2l
0
2
, i.e., the gate Hamiltonians, also commute with the
operators Sl + Sl0 . The constraint (10) is therefore satised.
In the above, we have shown coherence can be preserved during gate opera-
tions if one substitutes the gate for the qubits with that for the qubit-pairs. Of
course, after this substitution, the demonstration of these logic gates becomes
more involved.
Finally, we compare this scheme with quantum error correction. In the error
correction schemes, the decoherence time for a qubit is not increased. What one
does is to retrieve the useful information from the decohered state by introducing
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some redundancy. Contrary to this, in our scheme, the decoherence time for the
qubits is much increased. ( In an ideal case, it is increased to innity. ) We
prevent error rather than correct error. So, like Ref. [30,31], this scheme belongs
to the class of error prevention schemes. The schemes of Ref. [30,31] are based on
the quantum Zeno eect. The decoherence is reduced by continuously measuring
the qubits in some basis. The critical idea of our scheme is pairing the qubits and
substituting the gate operation for the qubits with that for the qubit-pairs. This
scheme has some attractive features. First, it covers a large range of decoherence.,
including the cooperative decoherence and the independent decoherence. The
scheme works whether the decoherence is caused by the amplitude damping or
by the phase damping. Second, it has a high eciency. We need at most two
qubits to encode a qubit. Third, the encoding and the decoding in this scheme is
quite simple. It only needs L times quantum CNOT operations and some single-
bit rotation operations to encode and decode the qubits. Last, the scheme is
relatively easy to extend for preventing decoherence in quantum gate operations.
In this scheme, the crucial assumption is that two qubits can be set close so
that they are decohered collectively. Ref. [32] shows this is the case if distance d
between the two qubits satises d << , where  is the mean eective wave length
of the noise eld. In practice, such as in the ion-trapped quantum computers,
where the noise is mainly from the thermal variation of the qubits [22], this
assumption seems reasonable. It is now well understood that quantum errors
are harder to correct than classical errors, since there appear two new kinds of
errors in quantum circumstances, i.e., the phase error and the bit-phase error
[14]. Surprisingly, here we show that quantum error is relatively easy to prevent.
Since this scheme essentially involves the use of quantum interference between
the two qubits in a qubit-pair, it has no classical correspondence.
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